Published by Institute of Physics Publishing for SISSA/ISAS Received: July 7, 2004 Revised: September 15, 2004 Accepted: October 21, 2004

Deformation quantization of noncommutative quantum mechanics^∗

Sicong Jing, Fen Zuo and Taihua Heng

Department of Modern Physics, University of Science and Technology of China Hefei, Anhui 230026, China E-mail: sjing@ustc.edu.cn, fenzuo@ustc.edu.cn, hengtaihua@ustc.edu.cn

Abstract: The Wigner phase-space distribution function provides the basis for Moyal’s deformation quantization alternative to the more conventional Hilbert space and path integral quantization. In this paper, we investigate the basic aspects of deformation quantization for noncommutative quantum mechanics (NCQM). We first prove some general relations of the Weyl correspondence in non-commuting phase-space. Then we derive explicit form of the Wigner Function (WF) for NCQM starting from fundamental principle of the Weyl correspondence, and show that it satisfies a generalized ∗-genvalue equation. We also demonstrate that the new WFs possess orthonormality and completeness, so they can be used as a basis to expand all phase-space functions. Some example is discussed to support our results.

Keywords: Statistical Methods, Non-Commutative Geometry.

∗This project supported by National Natural Science Foundation of China under Grant 10375056.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep102004049 /jhep102004049 .pdf

Contents

1. Introduction 1

2. General relations of the Weyl correspondence in non-commuting phasespace 2

3. WF on the noncommutative space 5

4. Some examples 8

5. Conclusion 9

1. Introduction

Recently a large amount of research work has been devoted to the study of quantum mechanics on noncommutative space [1]–[6]. For two-dimensional plane it can be characterized by the following brackets

[x̂_1, x̂_2] = iθ , [x̂_i, p̂_j] = iℏδ_{i,j} , [p̂_1, p̂_2] = 0 , (i, j = 1, 2) , (1.1)

where θ is a parameter characterizing the spacial noncommutativity, and by the hamiltonian Ĥ =^1_{2m} (p̂2_1 +p̂2)+V (x̂_1, x̂_2) with some potential V (x̂_1, x̂_2). Since the coordinate operators x̂_1, x̂_2 do not commute each other, they have no common eigenstates, so it causes no way to build the practical useful coordinate representations and number representations like in the ordinary quantum mechanics. This brings difficulties into the study of NCQM according to the standard Schrödinger-Heisenberg-Dirac formulation in Hilbert space.

It is well known that there is a third presentation of quantum mechanics besides the well-known Hilbert space and path integral quantization, that is, the deformation quantization in the phase-space [7]–[11], which based on Wigner’s (1932) quasi-distribution function and Weyl’s (1927) correspondence between quantum mechanical operators and ordinary c-number phase-space functions. The crucial composition structure of these cnumber phase-space functions, which relies on the ∗_ℏ-product [12]

∗_ℏ = exp ( i ℏ 2 (←− ∂_{x1} −→ ∂_{p1} − ←− ∂_{p1} −→ ∂_{x1} + ←− ∂_{x2} −→ ∂_{p2} − ←− ∂_{p2} −→ ∂_{x2} )) , (1.2)

was fully understood by Groenewold (1946), who, together with Moyal (1949), pulled the entire formulation together.

– 1 –

Here we must clearly understand that NCQM is not at all a different quantum mechanics. It just has a different choice of coordinate variables, which are not commuting, therefore, there is only one kind of deformation quantization. Of course, within NCQM there should be corresponding choice of distribution functions, which must match the basic commutation relations of NCQM, and which should lead to corresponding phase-space kernels.^1

In this paper we investigate phase-space presentation of the NCQM. Usually phasespace in NCQM can be called the non-commuting phase-space, in contrast with the (commuting) phase-space corresponding to the ordinary quantum mechanics. In order to meet the commutation relations (1.1), we modify the ordinary definition of c-number phase-space kernels of suitably ordered quantum operators. From this new definition, an operator product will correspond to a generalized ∗-composition of these kernels. Then we start from the very beginning principle of Weyl correspondence, derive a new form for WF on noncommutative space and show it satisfies a generalized ∗-genvalue equation. Some properties of the new WFs such as orthonormality and completeness are proved, so that these WFs can be served as a basis to expand all phase-space functions. To demonstrate the essential difference between the new WFs and the old one, we discuss a non-trivial example of noncommutative harmonic oscillator which supports our results.

2. General relations of the Weyl correspondence in non-commuting phasespace

Without loss of generality, we consider only four-dimensional phase-space (x_i, p_i), (i = 1, 2), as the extension to higher dimensions is straightforward. In addition, we mainly address discrete spectra, E_n, n = 0, 1, 2, 3, . . . , because generalizing to continuous spectra is also trivial.

In NCQM, spacial noncommutativity can be imposed by treating the coordinates as commuting, but introducing ∗_θ-product instead of the ordinary product between functions f(x) and g(x) [13]

f(x) ∗_θ g(x) ≡ f(x) exp ( i θ 2 ( ←− ∂_{x1} −→ ∂_{x2} − ←− ∂_{x2} −→ ∂_{x1} ) ) g(x) . (2.1)

In this work, we denote the phase-space variables as x = (x_1, x_2) and p = (p_1, p_2). In terms of the ∗_θ-product, Schrödinger equation in NCQM should be written as

Ĥ(x̃_i, p̃_i) ∗_θ ψ(x̃_i) = Eψ(x̃_i) , (2.2)

where the coordinates x̃_i and their momenta p̃_i satisfy standard Heisenberg commutative relations [x̃_i, p̃_j] = i ℏ δ_{i,j} , (i, j = 1, 2) (2.3)

and other commutators are vanishing. In other words, the non-commuting coordinate operators can be expressed in terms of commuting coordinate operators and their momentum

1We thank the referee draw our attention to this point of view.

– 2 – operators in the form [14]

x̂_1 = x̃_1 − θ 2ℏ p̃_2 , x̂_2 = x̃_2 + θ 2ℏ p̃_1 , p̂_1 = p̃_1 , p̂_2 = p̃_2 . (2.4)

Originally, in the Weyl correspondence [8], c-number phase-space kernels a(x, p) of Weyl ordered operators Â(x̂, p̂) are defined by

a(x, p) = 1 (2π)^2 ∫ dye^{−iy·p} ⟨ x + ℏ 2 y | Â(x̂, p̂) | x − ℏ 2 y ⟩ . (2.5)

Conversely, the Weyl ordering of these operators is specified through

Â(x̂, p̂) = 1 (2πℏ)^2 ∫ dxdpdτ dσ a(x, p) exp ( i ℏ τ · (p̂ − p) + i ℏ σ · (x̂ − x) ) . (2.6)

It is easily to check that, if the coordinate and momentum operators x̂_i and p̂_i in eq. (2.6) satisfy the commutation relations (1.1), then substituting eq. (2.6) into the right-hand side of eq. (2.5) would not give out the left-hand side of eq. (2.5). In fact, instead of a(x, p), one gets a(x_1 −^θ_{2ℏ} p_2, x_2 +^θ_{2ℏ} p_1, p_1, p_2).

Physically, eq. (2.6) requires that an arbitrary operator, regarded as a power series in x̂_i and p̂_i, be first ordered in a completely symmetrized expression in x̂_1, x̂_2, p̂_1 and p̂_2, by use of commutation relations (1.1). A term with k powers of x̂_1, l powers of x̂_2, m powers of p̂_1 and n powers of p̂_2 will be obtained from the coefficient of τ^m_1 τ^n_2 σ^k_1 σ^l_2 in the expansion of (τ · p̂ + σ · x̂)^{k+l+m+n}. Thus, in order to make eq. (2.6) and eq. (2.5) consistent in NCQM, we must modify the eq. (2.5) as

a(x, p) = 1 (2π)^2 ∫ dye^{−iy·p} ⟨ x + ℏ 2 y | ∗_θÂ(x̂, p̂) | x − ℏ 2 y ⟩ . (2.7)

Here we introduce the ∗_θ-product between bra- and ket-vector and it does not act on Â. Noticing that in eq. (2.7) the state-vector | q⟩ =| q_1, q_2⟩ can be considered as eigenstate of the coordinate operators x̃ with eigenvalues q = (q_1, q_2), and using eq. (2.4), one has the following useful relations

e^{i λ p̂1} | q_1, q_2⟩ = e^{i λ p̃1} | q_1, q_2⟩ =| q_1 − λ ℏ, q_2⟩ , e^{i λ p̂2} | q_1, q_2⟩ = e^{i λ p̃2} | q_1, q_2⟩ =| q_1, q_2 − λ ℏ⟩ ,

e^{i λ x̂1} | q_1, q_2⟩ = e^{i λ (x̃1− θ2ℏ p̃2)} | q_1, q_2⟩ = e^{iλq1} | |q_1, q_2 + λ θ 2 ⟩ , e^{i λ x̂2} | q_1, q_2⟩ = e^{i λ (x̃2+ θ2ℏ p̃1)} | q_1, q_2⟩ = e^{iλq2} | | |q^1 − λ θ 2 , q_2 ⟩ . (2.8)

With the aid of

exp (iσ_1x̂_1 + iσ_2x̂_2 + iτ_1p̂_1 + iτ_2p̂_2) = (2.9) = exp ( i τ_2 2 p̂_2 ) exp ( i τ_1 2 p̂_1 ) exp ( i σ_2 2 x̂_2 ) exp (iσ_1x̂_1)exp ( i σ_2 2 x̂_2 ) exp ( i τ_1 2 p̂_1 ) exp ( i τ_2 2 p̂_2 ) , and substituting eq. (2.6) into the right-hand side of eq. (2.7), one gets a(x, p) as expected.

– 3 –

Next an operator product should correspond to a generalized ∗-composition of these classical kernels (2.7)

a(x, p) ∗ b(x, p) = 1 (2π)^4ℏ^2 ∫ dye^{−iy·P} ⟨ x + ℏ 2 y | | | Â(x̂, p̂) ∗_θ B̂(x̂, p̂) | | |x − ℏ 2 y ⟩ , (2.10)

where the ∗-product in the left-hand side of eq. (2.10) means ∗ = ∗_ℏ∗_θ. Substituting Â(x̂, p̂) and B̂(x̂, p̂) according to the expression (2.6) into the right-hand side of (2.10), and using ⟨ x_1 + ℏ 2 y_1 + τ_1 + θ 2ℏ σ_2, x_2 + ℏ 2 y_2 + τ_2 − θ 2ℏ σ_1 | | | × × e^{iℏ σ·x} ∗_θ e^{iℏ η·x} | | |x^1 − ℏ 2 y_1 − λ_1 − θ 2ℏ η_2, x_2 − ℏ 2 y_2 − λ_2 + θ 2ℏ η_1 ⟩ = (2.11)

= exp ( i ℏ σ · x + i ℏ η · x ) exp ( i θ 2ℏ^2

(η_1σ_2 − η_2σ_1) ) δ(ℏy_1 + τ_1 + λ_1)δ(ℏy_2 + τ_2 + λ_2),

we can easily obtain the left-hand side of eq. (2.10).

Finally, we neatly work out in detail how the classical kernels a(x, p) and b(x, p) of two operators Â and B̂ must compose to yield the classical kernel of ÂB̂

Â(x̂, p̂)B̂(x̂, p̂) = 1 (2πℏ)^8 ∫ dτ dσdτ^′dσ^′dx^′dp^′dx^{′′}dp^{′′}a(x^′, p^′)b(x^{′′}, p^{′′}) × × exp ( i ℏ ( τ · (p̂ − p^′) + σ · (x̂ − x^′) ) ) × × exp ( i ℏ ( τ^′ · (p̂ − p^{′′}) + σ^′ · (x̂ − x^{′′}) ))

= 1 (2πℏ)^8 ∫ dτ dσdτ^′dσ^′dx^′dp^′dx^{′′}dp^{′′}a(x^′, p^′)b(x^{′′}, p^{′′}) × × exp ( i ℏ ( −τ · p^′ − σ · x^′ − τ^′ · p^{′′} − σ^′ · x^{′′} + 1 2 (τ · σ^′ − σ · τ^′) )) × × exp ( i ℏ ( (τ + τ^′) · p̂ + (σ + σ^′) · x̂ ) ) exp ( iθ 2ℏ^2

(σ_2σ^′_1 − σ_1σ^′_2) ) .(2.12)

Changing integration variables to

τ = ξ − 2(x − x^′) , τ^′ = 2(x − x^′) , σ = η − 2(p^′ − p) , σ^′ = 2(p^′ − p) , (2.13)

we can reduces the above integral to

ÂB̂ = 1

(2πℏ)^4 ∫ dξdηdxdp exp ( i ℏ ( ξ · (p̂ − p) + η · (x̂ − x) )) a(x, p) ∗ b(x, p) . (2.14)

This fundamental isomorphism of operator products to associative strings of star multiplications enables us to build the formulation of NCQM on the non-commuting phase-space. In short words, in this section, with the new c-number phase-space kernels eq. (2.7) of Weyl ordered operators, we obtain the entire correspondence relations between the operators in NCQM and their classical phase-space kernels, which provide a solid base of building a formulation of deformation quantization for NCQM. Otherwise, based on the original definition (2.5) of the classical kernel, one cannot construct a consistent formulation to quantize the NCQM on the non-commuting phase-space.

– 4 –

3. WF on the noncommutative space

As a distribution function of quantum phase-space, WF f(x, p) corresponds to the Weyl ordering of the coordinate x̂ and momentum p̂ and can be obtained from the following equation [15] Tr ( ρ̂(x̂, p̂)e^{i ξ·x̂+i η·p̂} ) = ∫ dx dp e^{i ξ·x+iη·p}f(x, p) , (3.1)

where ρ̂ is a density matrix and T r means the trace of a matrix. Thus one has

f(x, p) = 1 (2π)^4 ∫ dξ dη Tr ( ρ̂(x̂, p̂)e^{i ξ·x̂+i η·p̂} ) e^{−i ξ·x−iη·p} = 1 (2π)^4 ∫ dξ dη ∫ dq dq^′ ⟨q | ρ̂ | q^′⟩⟨q^′ | e^{i ξ·x̂+i η·p̂} | q⟩ e^{−i ξ·x−iη·p} , (3.2)

With the aid of eqs. (2.8) and (2.9), one easily gets

f(x, p) = 1 (2π)^4 ∫ dξdηdq ⟨ q_1 + η_1ℏ 2 , q_2 + η_2ℏ 2 | |ρ̂ | |q_1 − η^1ℏ 2 − ξ_2θ 2 , q_2 − η_2ℏ 2 + ξ_1θ 2 ⟩ × × e^{iξ·(q−x)} e^{−iη·p} . (3.3)

After slight algebra one can rewrite the eq. (3.3) as

f(x, p) = 1 (2π)^2 ∫ dη ⟨ x_1 + η_1ℏ 2 , x_2 + η_2ℏ 2 | |ρ̂ | |x_1 − η^1ℏ 2 − iθ 2 ←− ∂_{x2} , x_2 − η_2ℏ 2 + iθ 2 ←− ∂_{x1} ⟩ e^{−iη·p} . (3.4) For the case of pure state, by virtu of eq. (2.1), one can substitute ρ̂ =| ψ_m⟩⟨ψ_m | into eq. (3.4) and obtain

f_m(x, p) = 1 (2π)^2 ∫ dη e^{−iη·p} ψ_m ( x + ℏ 2 η ) ∗_θ ψ^∗_m ( x − ℏ 2 η ) , (3.5)

where ψ_ms are orthonormalized solutions of the Schrödinger equation (2.2) with the energy E_m. This is WF on the noncommutative space. Comparing it with the original form of WF given by [9]

f(x, p) = 1 (2π)^2 ∫ dη e^{−iη·p} ψ ( x + ℏ 2 η ) ψ^∗ ( x − ℏ 2 η ) , (3.6)

we find that the only difference between them is the ordinary product between the functions ψ and ψ^∗ in eq. (3.6) replaced by the ∗_θ-product in eq. (3.5). This looks very simple and natural, since we are dealing with the matter on a noncommutative coordinate space. In the commuting space limit, θ → 0, eq. (3.5) would reduce to eq. (3.6). Here we would like to emphasize that the difference between eq. (3.5) and eq. (3.6) is of essential importance for building of deformation quantization of NCQM, because as we show it later the eq. (3.5) satisfies a generalized ∗-genvalue equation and the eq. (3.6) does not. This generalized ∗-genvalue equation plays an important role in the deformation quantization of NCQM as the Schrödinger equation does in ordinary quantum mechanics.

– 5 –

In fact, the WFs given by eq. (3.5) can be regarded as the diagonal elements of the density matrix (pure state), usually denoted as f_m = f_{m,m}. The general WFs on the non-commuting phase-space can be expressed as

f_{m,n}(x, p) = 1 (2π)^2 ∫ dη e^{−iη·p} ψ_m ( x + ℏ 2 η ) ∗_θ ψ^∗_n ( x − ℏ 2 η ) = f^∗_{n,m}(x, p). (3.7)

As a consequence, matrix elements of operators are produced by mere phase-space integrals,

⟨ψ_n | Â | ψ_m⟩ = (2πℏ)^2 ∫ dxdp a(x, p) f_{m,n}(x, p). (3.8)

We now show that the WF (eq. (3.7)) obeys the generalized ∗-genvalue equation. Without essential loss of generality, we consider H(x, p) =^{p2}_{2m} + V (x). With the explicitly action of ∗_ℏ-product, we have

H(x, p) ∗ f_{m,n}(x, p) = 1 (2π)^2 ∫ dη ( 1 2m (( i∂_{η1} − iℏ 2 ∂_{x1} )_2 + ( i∂_{η2} − iℏ 2 ∂_{x2} )_2) +V (x) ) × × ∗_θ e^{−iη·(p+ iℏ2 ←−∂ x)} ψ_m ( x + ℏ 2 η ) ∗_θ ψ^∗_n ( x − ℏ 2 η ) . (3.9)

Notice that in the right hand side of eq. (3.9), just the ∗_θ-products are reserved. Making the integration by parts for the ∂_η and using the associativity of the ∗_θ-product, we can write eq. (3.9) as

H(x, p) ∗ f(x, p) = 1 (2π)^2 ∫ dη e^{−iη·p} (( 1 2m (( i∂_{η1} + iℏ 2 ∂_{x1} )_2 + ( i∂_{η2} + iℏ 2 ∂_{x2} )_2) + + V ( x_1 + ℏ 2 η_1, x_2 + ℏ 2 η_2) ) ∗_θ ψ_m(x + ℏ 2 η )) × × ∗_θ ψ^∗_n ( x − ℏ 2 η ) . (3.10)

Also noticing the action of the effective differential operators (i∂_{η1} +^{iℏ}_2 ∂_{x1} )^2 +(i∂_{η2} +^{iℏ}_2 ∂_{x2} )^2 on ψ^∗ turns out to be null, and using eq. (2.2) we obtain

H(x, p) ∗ f_{m,n}(x, p) = E_m f_{m,n}(x, p) . (3.11)

Likewise, we have f_{m,n}(x, p) ∗ H(x, p) = E_n f_{m,n}(x, p) . (3.12)

Here the key point of proving eq. (3.11) and eq. (3.12) relies on the fact that the product between ψ and ψ^∗ in the WF of eq. (3.7) is ∗_θ-product, so the associativity of ∗_θ-products guarantees that one can directly use eq. (2.2) to finish the proof. At this stage it is easy to understand why the original WF (eq. (3.6)) does not satisfy the generalized ∗-genvalue equation, it just satisfies the ∗_ℏ-genvalue equation H ∗_ℏ f = f ∗_ℏ H = E f.

Noticing the following properties of the ∗-product ∫ dxdp f(x, p) ∗ g(x, p) = ∫ dxdp g(x, p) ∗ f(x, p) = ∫ dxdp f(x, p) g(x, p) , (3.13)

– 6 – one can see that the standard machinery of density matrices then is readily transcribed in this language, e.g. the trace relation ∫ dxdpf_{m,n}(x, p) = ∫ dxψ_m(x) ψ^∗_n(x) = δ_{m,n} , (3.14) and f_{m,n}(x, p) ∗ f_{l,k}(x, p) = 1 (2πℏ)^2 δ_{n,l}f_{m,k}(x, p). (3.15) From the above three equations it follows ∫ dxdp f_{m,n}(x, p)f^∗_{k,l}(x, p) = 1 (2πℏ)^2 δ_{m,k}δ_{n,l} . (3.16) With the help of the following expression ⟨ x + ℏ 2 y | | | ∗^θ | | |x − ℏ 2 y ⟩ = e^{i θ2 (∂u1 ∂v2 −∂u2 ∂v1 )}δ(u_1 − v_1 + ℏy_1)δ(u_2 − v_2 + ℏy_2) |_{u=v=x}

= δ(ℏy) , (3.17)

because (∂_{u1} ∂_{v2} − ∂_{u2} ∂_{v1} )δ(u_1 − v_1 + ℏy_1)δ(u_2 − v_2 + ℏy_2) = 0, one also has the resolution of the identity ∑ n f_{n,n}(x, p) = 1 (2π)^2 ∑ n ∫ dy e^{−iy·p} ⟨ x + ℏ 2 y|ψ_n⟩⟨ψ_n | ∗_θ|x − ℏ 2 y ⟩

= 1 (2π)^2 ∫ dy e^{−iy·p} ⟨ x + ℏ 2 y | | | ∗_θ | | |x − ℏ 2 y ⟩ = 1 (2πℏ)^2 = 1 h^2

, (3.18)

Similarly, using completeness of the eigenvectors ψ_n of hamiltonian H, one also has ∑ m,n f_{m,n}(x, p)f^∗_{m,n}(x^′, p^′) = 1 (2πℏ)^2 δ(x − x^′)δ(p − p^′) . (3.19)

Thus an arbitrary phase-space function φ(x, p) can be expanded as

φ(x, p) = ∑ m,n c_{m,n}f_{m,n}(x, p) , (3.20)

the coefficients being specified through (3.16)

c_{m,n} = (2πℏ)^2 ∫ dxdpf^∗_{m,n}(x, p)φ(x, p) . (3.21)

Thus we have a set of orthonormal and complete functions (WFs) to expand any function in the non-commuting phase-space.

– 7 –

4. Some examples

Now we consider a few of examples. First we discuss a free particle moving on the noncommutative plane with the hamiltonian operator Ĥ = p̂^2/2m. This example is rather trivial. The solution of eq. (2.2) with a energy E = p^2_0/2m is a usual plane wave ψ(x) = e^iℏ^{p0·x} (here the normalization factor is neglected). Substituting this plane wave into eq. (3.5), we have f(x, p) = δ(p_0 − p) . (4.1)

Obviously this f satisfies H ∗ f = p^2 2m δ(p_0 − p) = E f . (4.2)

Then we discuss a non-trivial example, i.e., the WF corresponding to ground state wave function of the 2-dimensional noncommutative harmonic oscillator with the hamiltonian operator Ĥ =^1_2 (p̂^2 + x̂^2). Here we take ℏ and all parameters equal to 1 for convenience. In this case, the solution of eq. (2.2) was given in [16]. The ground state wave function is

ψ_0(x) = 1 4√ π^2(1 +^{θ2}_4 ) exp −x^2 2 √ 1 +^{θ2}_4

(4.3)

and its energy is E_0 = 1. Substituting the ψ_0 into eq. (3.5), we have

f_0(x, p) = 1 4π^3 √ 1 +^{θ2}_4 ∫ dη e^{−iη·p} ×

× exp −1 2 √ 1 +^{θ2}_4 ( ( x_1 + η_1 2 + iθ 2 ∂_{x2} )_2 + ( x_2 + η_2 2 − iθ 2 ∂_{x1} )_2 ) ×

× exp −1 2 √ 1 +^{θ2}_4 ( ( x_1 − η_1 2 )_2 + ( x_2 − η_2 2 )_2 ) . (4.4)

Since usually thinking the noncommutative parameter θ very small, for simplicity of calculating, in the following calculation we just keep the first order of θ to show the effect of spatial noncommutativity, and obtain

f_0(x, p) = 1 π^2 e^{−(x2+p2)} (1 − θ(x_1p_2 − x_2p_1)) . (4.5)

After some algebra and up to the first order of θ, we have 1 2 (x^2 + p^2) ∗ 1 π^2 e^{−(x2+p2)} (1 − θ(x_1p_2 − x_2p_1)) = 1 π^2 e^{−(x2+p2)} (1 − θ(x_1p_2 − x_2p_1)) . (4.6)

This means that f_0 given by eq. (3.5) indeed satisfies the generalized ∗-genvalue equation.

If one substitute the above ground state wave function ψ_0 into eq. (3.6), one should get a different expression f̃_0(x, p) = 1

π^2 e^{−(x2 +p2)} . (4.7)

– 8 –

It is straightforward to check that the f̃_0 does not obey the generalized ∗-genvalue equation. So taking the form of eq. (3.6) as the WF on a noncommutative space seems not suitable, because it doesn’t satisfy the corresponding ∗-genvalue equation.

It is well known that WF in the deformation quantization of ordinary quantum mechanics can be defined equivalently in two ways. One of them refers to the operator formulation of quantum mechanics according to eq. (3.6), and other is directly to solve the ∗_ℏ-genvalue equation and take its real solutions as the desired WF. It is reasonable to think that there are also two ways to define WF in the deformation quantization of NCQM. In this case, the ∗_ℏ-genvalue equation has been extended to ∗-genvalue equation (3.11) or (3.12) to reflect the characteristic of noncommutative space. Correspondingly, as we demonstrated above, eq. (3.6) should also be replaced by eq. (3.5) to give the WFs of NCQM.

5. Conclusion

In summary, we carefully investigate the fundamental aspects of deformation quantization in the non-commuting phase-space of NCQM in this paper. In order to match the basic commutation relations (1.1) of NCQM, we modify the expression of c-number phase-space kernels of Weyl ordered operators to reflect the spacial noncommutativity of this theory, and derive a new form for Wigner functions. Comparing our results with the original expressions, we find that the only change is replacing the ordinary product between specific functions in eq. (2.5) and eq. (3.6) by the ∗_θ-product, as shown in eq. (2.7) and eq. (3.5). One can not use the properties (3.13) to eliminate the ∗_θ-product in the integration expressions (2.7) and (3.5), because the ∗_θ-product involves the partial derivatives for the phase-space variables x_i and the integration will be done for other variables. In addition, there exist other factors such as e^{−iy·p} in eq. (2.7) and eq. (3.5), which protect the ∗_θproduct from various attempts to cancel it. Therefore, the expressions (2.7) and (3.5) are of essential difference in contrast to the ordinary expressions (2.5) and (3.6), respectively.

Upon modification of the c-number phase-space kernels, general relations of the Weyl correspondence in non-commuting phase-space have been properly changed to suit the above modification. WFs play an important role in the deformation quantization. Our new form of WFs satisfy the generalized ∗-genvalue equation and matrix elements of any operator can be calculated by mere integrating WFs and phase-space kernel of the operator. All these changes provide a consistent framework for construction of the deformation quantization of NCQM.

References

[1] J. Lukierski, P.C. Stichel and W.J. Zakrzewski, Galilean-invariant (2+1)-dimensional models with a Chern- Simons-like term and D = 2 noncommutative geometry, Ann. Phys. (NY) 260 (1997) 224 [hep-th/9612017].

[2] L. Mezincescu, Star operation in quantum mechanics, hep-th/0007046.

[3] J. Gamboa, M. Loewe and J.C. Rojas, Non-commutative quantum mechanics, Phys. Rev. D 64 (2001) 067901 [hep-th/0010220].

– 9 –

[4] V.P. Nair and A.P. Polychronakos, On level quantization for the noncommutative Chern-Simons theory, Phys. Rev. Lett. 87 (2001) 030403 [hep-th/0102181].

[5] Ö.F. Dayi and A. Jellal, Landau diamagnetism in noncommutative space and the nonextensive thermodynamics of Tsallis, Phys. Lett. A 287 (2001) 349 [cond-mat/0103562].

[6] C. Acatrinei, Path integral formulation of noncommutative quantum mechanics, J. High Energy Phys. 09 (2001) 007 [hep-th/0107078].

[7] D. Fairlie and C. Manogue, The formulation of quantum mechanics in terms of phase space function-the third equation, J. Phys. A: Math. Gen. 24 (1991) 3807.

[8] T. Curtright, T. Uematsu and C.K. Zachos, Generating all Wigner functions, J. Math. Phys.

42 (2001) 2396 [hep-th/0011137].

[9] C.K. Zachos, Deformation quantization: quantum mechanics lives and works in phase-space, Int. J. Mod. Phys. A 17 (2002) 297 [hep-th/0110114].

[10] T. Curtright, D. Fairlie and C.K. Zachos, Features of time-independent wigner functions, Phys. Rev. D 58 (1998) 025002 [hep-th/9711183].

[11] D. Fairlie, The formulation of quantum mechanics in terms of phase space functions, Proc.

Camb. Phil. Soc. 60 (1964) 581.

[12] C.K. Zachos, A survey of star product geometry, hep-th/0008010. [13] Ö. Dayi and L. Kelleyane, Wigner functions for the Landau problem in noncommutative space, Mod. Phys. Lett. A 17 (2002) 1937.

[14] A. Hatzinikitas and I. Smyrnakis, The noncommutative harmonic oscillator in more than one dimensions, J. Math. Phys. 43 (2002) 113 [hep-th/0103074].

[15] Hai-Woong Lee, Theory and application of the quantum phase-space distribuition functions, Phys. Rept. 259 (1995) 147.

[16] A. Jellal, Orbital magnetism of a two-dimensional noncommutative confined system, J. Phys.

A: Math. Gen. 34 (2001) 10159.

– 10 –